We investigate the effect of a space-dependent random mass density field on small amplitude acoustic modes that are settled in a semi-infinite medium of a temperature growing linearly with depth. Using a perturbation method, the dispersion relation is derived in the form of Hill's determinant. Numerical solutions of this equation lead to the following conclusions: (a) a weak random field (with σ eff = 0.05) essentially affects long waves which experience attenuation and a frequency reduction; (b) for a stronger random field (with σ eff = 0.1), high-order sound modes behave as sound waves as they are attenuated and their frequencies are increased; (c) for a sufficiently strong random field (with σ eff = 0.2), mode coupling occurs, as a result of which the dispersive curves cross each other, the sound modes loose their identities, and some modes are amplified. Here σ eff denotes the effective strength of a random field.
Introduction
Random wave propagation has been a subject of recent intensive studies (e.g., [1] [2] [3] [4] [5] ). For instance, Mysak [1] has derived a general dispersion relation for random sound waves, and Ostashev [2] has written a review paper on sound waves in media with random inhomogeneities of sound speed, mass density and medium flow. He derived the statistical characteristics of the sound waves in a moving medium with the use of a Born approximation [6] , ray, Rytov [7] , and parabolic equation methods, and the theory of multiple scattering.
Studies of the interaction of propagating sound waves with random fields have revealed that in a gravity-free medium these waves experience amplitude and frequency alteration. For instance, Nocera et al [8] used a different mathematical model for the interaction between coherent and random waves than Howe [6] and proved that a space-dependent random mass density field raises the frequencies and attenuates the amplitudes of sound waves. On the other hand, a time-dependent random mass density field leads to a frequency increase and wave amplification [9] . A space-and time-dependent random mass density field, represented in the form of a dispersionless wave noise, makes a resonance when a phase speed of the sound wave is equal to a speed of the wave noise [10] . In a gravitationally stratified medium, random sound and internal gravity waves have been discussed in the limit of weak stratification in [11] .
The above-mentioned models of random waves suffer from a drawback as they do not pertain to sound waves that are trapped in an infinite medium with a stratified background temperature. This case is very complex for analytical studies and therefore in this paper we study the sound modes which propagate in a gravity-free, semi-infinite medium with a temperature profile growing linearly with depth. In addition, such a medium contains a spacedependent random mass density component. To our knowledge, this case has not yet been discussed.
We organize this paper as follows. In the next section we discuss linear equations for sound waves that propagate in a gravity-free medium. In sections 3 and 4 we present the dispersion relations for non-random and random sound modes, respectively. In section 5 we display the numerically obtained solutions of the random dispersion equation. We conclude this paper by a summary of the main results in section 6.
Linear oscillations
We discuss sound waves which propagate in a two-dimensional gravity-free gas of the following equilibrium:
Here the index e corresponds to the equilibrium mass density e , velocity V e , and pressure p e . Linear hydrodynamic perturbations of this equilibrium satisfy the equations [12] 
where ω is a sound wave frequency, u and v are the x and z components of the velocity
and γ is the specific heats ratio. Subscripted indices designated with a comma denote partial differentiation; for example,
The dispersion relation for non-random modes
We consider linear acoustic waves which propagate in a medium of mass density that contains a background component 0 (z) and a random space-dependent part r (x). Here, x and z are the horizontal and vertical coordinates, respectively. The background component 0 (z) is chosen in such a way that the plasma temperature depends linearly on z. This dependency makes the sound waves to be trapped along the z-direction. These trapped waves are called modes. They are standing-like in the z-direction but are free to propagate horizontally. In the case when the mass density is non-random and depends only on the z coordinate, e = e (z).
Equations (2) and (3) can be simplified to a single equation
where k is a wavenumber along the x direction. For simplicity we limit ourselves to the case of the gas that is closed at z = 0. So, no entropy leaves or enters the region z 0. The mass density profile is chosen in a way that the squared sound speed varies linearly with z,
Obviously, this is not quite a realistic medium, but the equations are simpler than in the case of gravity, and an extension of this model into gravitationally stratified plasma would be straightforward. However, in the latter case the computations would be much more tedious. Equation (5) can be rewritten with the use of the transformation
to Kummer's equation [13] ξˆ ,ξ ξ
This equation possesses two independent solutions which are Kummer's functions U (a, 1, ξ) and M(a, 1, ξ). For the closed gas, U (a, 1, 2kz) is infinite at z = 0 and it has to be rejected. So, the solution of equation (8) iŝ
In order to have this solution finite at z = ∞ the coefficient a has to be zero or negative. That is,
where the integer n determine the mode number. This requirement leads to the dispersion relation of non-random sound modes
where we have added the index n to the frequency to point out its discrete character. From [13] we can find the following relation:
where L n−1 is a Laguerre polynomial of order n − 1. Laguerre polynomials are orthogonal with the weighting function exp(−2kz) in such a way that
It is worth noting that the mode n = 1 is peculiar as it oscillates with frequency ω 1 = c d k but according to equation (7) its spatial profile is proportional to e −kz . So, this mode has no nodes along the z-direction.
Equation (5) can be rewritten in the form of Whittaker's equation [13] ,zz + κ
with the use of the transformation
Here
The turning point occurs at z = z t where κ 2 = 0. Hence we have
It is worth noting that the sound speed profile of equation (6) refracts sound waves. As a consequence of reflection at z = 0 and the refraction at the turning points, trapped modes are settled in.
The dispersion relation of random modes
Now, we introduce an x-dependent random mass density r (x). The equilibrium mass density contains both the deterministic mass density 0 (z) and a random mass density r (x). Equation (1) for the mass density can be rewritten as
As a consequence of the random field, the wave profile can be expressed in terms of its coherent and random parts as
where denotes the ensemble average operator. A weak random field perturbation method (see, for example, [6] ) leads to the following coupled equations:
where L is the operator which is defined by equation (5). Now, we adopt the transformation given in equation (7) in equations (21) and (22). These equations can be rewritten as 
where
The key point is to adopt the expansion in the terms of the non-random functions of equation (10)
From [13] we have for the derivatives
It would be useful to express M(a + 1, 2, ξ) and M(a + 2, 3, ξ) by M(a, 1, ξ).
To follow this idea we use equation (13.4.7) from [13] . Their formula reads
which is valid for any a and b. For b = 1 this formula simplifies to
Replacing a by a + 1 and b by b + 1 in equation (29), and setting b = 1 in the obtained expression, with the use of equation (30) we get
Multiplying equations (23) and (24) by the appropriate orthogonal functions and using equation (14) leads to the expressions
Substituting equation (32) into (33) we obtain
where I n denotes the following integral:
E(k) is the Fourier transform from the correlation function r (x 1 ) r (x 2 ) and we assume the density fluctuations to be statistically homogeneous.
Random frequency shift and amplitude alteration
We now choose the Gaussian spectrum
and perform the following expansion:
where σ and l x are respectively a variance (strength) and a correlation length of the random field and ω 2n consists of a random frequency correction. Then, from equation (35) we obtain that
Hence, it follows that the mode n = 1 is not affected by the space-dependent random mass density field. This is interesting as the mode's frequency depends on the sound speed which in its turn is influenced by a mass density. For a Gaussian spectrum we have
Substituting (41) and (39) into equation (36), we obtain
b n a n−2 + c n a n−1 + n a n + e n a n+1
where for n 2 we have defined
Equation (44) can be written in the matrix form
where A is an infinite vector which consists of the amplitudes {a j }, j = 2, 3, . . .. The random dispersion relation follows from Hill's determinant
A practical way of solving this equation is to truncate A (and consequently N) at a large but finite value of j . Figure 1 displays the numerical solutions of equation (52) for the three values of the effective strength of the random field,
Numerical results
Solid (dashed) curves correspond to random (non-random) sound modes. Only the modes n = 2, 3, 4, 5, 6, are presented. The mode n = 1 is not affected by a random mass density field. The cases of σ eff = 0.05, 0.1, and 0.2 are shown in the top, middle, and bottom panels, respectively. It is worth noting that for the case of a weak random mass density field for which σ eff = 0.05 the sound mode frequencies are reduced and their amplitudes are attenuated; this effect is higher for higher modes and longer waves (the top panels of figure 1 ). Mode attenuation corresponds to a negative value of the imaginary part of . For a stronger random field high-order sound mode frequencies are shifted up but lower-order modes can lose their identities as their dispersive curves cross each other. The middle panels of figure 1 present this case for σ eff = 0.1. The dispersive characteristics cross each other for the sound modes of: (a) n = 3 and 4 at K 0.6; (b) n = 2 and 3 at K 0.25 (the middle left-hand panel). These crossings are the consequences of mode interaction. The modes n = 5 and 6 experience acceleration as their frequencies are raised in comparison to the frequencies of the non-random sound modes. As a result of the mode interaction the mode n = 2 is amplified for K < 0.5 as its imaginary part of is positive there. The other modes are attenuated.
In the case of σ eff = 0.2 the modes n = 2, 3, and 4 experience a frequency reduction while frequencies of the modes n = 5 and 6 are increased (the bottom left-hand panel of figure 1 ). The imaginary parts of reveal that the low-order modes are amplified in a wide range of K while the high-order modes are attenuated (the bottom right-hand panel).
Summary
In this paper we have studied the effect of a space-dependent random mass density field on the frequencies and amplitudes of the sound modes that are trapped in the medium due to temperature stratification. The main findings can be summarized as follows.
(a) A weak random field (with σ eff = 0.05) leads to frequency reduction and amplitude attenuation. This effect is stronger for longer waves. In this regime the sound modes behave differently from the sound waves whose frequencies are increased [8] . (b) A strong random field (with σ eff = 0.2) leads to mode coupling as a result of which frequencies of high-order (low-order) sound modes are increased (decreased) and their amplitudes are attenuated (amplified). (c) High-order sound modes are affected by a space-dependent random mass density field similarly to sound waves. versus normalized wavenumber K = kl x for the sound modes in the space-dependent random velocity field of a Gaussian correlation function. The panels from the top correspond to σ eff = 0.05, 0.1, and 0.2, respectively. Here the effective variance σ eff = σ 2 l 2 x /c 2 . The dashed curves in the left panels correspond to the non-random frequencies of the modes n = 2, 3, 4, 5, 6. The solid curves represent their random counterparts. The mode n = 1 is not affected by a space-dependent random mass density field.
The effective strength of the random field σ eff is defined in equation (53). It is worth noting that a similar study would be very important for coronal applications (see [14] for a landmark paper) and helioseismology (e.g. [12] ).
